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FOREWORD
This r,,nort is a description of the third-phase work performed under
NASA Contract `^..%S8-20019, Mass Loading Effects on Localized Vibratory
Environments of Rocket Vehicles, by the Space Division (SD) of North
American Rockwell Corporation (NR) for the George C. Marshal' Space
Flight Center, Huntsville, Alabama, during the period of 1 December 1966
to 30 March 1968.
The project was sponsored and administered under the direction of
Mr. J. Farrow, Branch Chief, and Mr. It. Schock, Section Chief, of the
Vibration and Acoustics Branch, Propulsion and Vehicle Engineering
Division, NASA/MSFC.
The work was conducted at NR/SD by S. Y. Lee, Project Engineer and
Principal Investigator, who directed the project activities, developed analyt-
ical and experimental methods, and solved the mass-loaded and unloaded
shell problems; S. S. Tang, who as a staff investigator, performed the free-
vibration analysis of the mass-loaded ring structure by transfer matrix
approach, assisted in project coordination and was responsible for test
specimens design, test monitoring, data reduction, and results comparison;
and J. G. Liyeos, also a staff investigator, who was responsible for computer
programming and numerical evaluations.
The authors wish to express their appreciation to Messrs. J. Farrow,
R. Schock, R. Jewell and C. Lifer of NASA/MSFC for their direction and
encouragement, to Mr. C. Bailey of NR/LAD for his assistance in test
operations, to Dr. R. Guvan of NR/SD for his contribution in the develop-
ment of the free vibration analysis of mass-'_oaded ring structure by the
finite-element method, and to Professor M. P. Bienick for his c.onsulation.
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ABSTRACT
THE EFFECTS OF TEE ATTACHMENT OF DISCRETE MASSES ON 'TIE VIBRATION
CHARACTERISTICS OF RING AND SHELL STRUCTURES WERE STUDIED.
ANALYTICAL RESULTS WFRE SUBSTANTIATED BY EXPERIMENTAL DATA.
ANALYTICALLY, THE SERIES EXPANSION TECHNIQUE WAS USED IN SOLV:
THE MASS LOADED SHELL PROBLEM WHILE BOTH TbE FINITE-ELEMENI I Al
TRANSFER-MATRIX METHODS WERE EMPLOYED IN THE ANALYSIS OF 14ASS
LOADED RING STRUCTURES. EX1RLMEN'TALLY, ALUMINUM RING AND SM
STRUCTURES LOADED WITH A SERIES OF DISCRETE MASSES WERE EXCIT]
A MAGNETIC INDUCTION METHOD. THE VIBRATORY MOTION WAS MEASUR]
AN AUTOMATICALLY REVOLVING PROXIMITY GAGE. THE INFLUENCE OF
MASS OF THE EXCITER AND THAT OF THE INSTRUMENTATIOr1 HENCE, WI
ELD!INATED. RESPONSE DA's^_ WERE OBTAINED WITH MINIATURE ACCELI
OMETERS AS WELL AS PROXIMTTY GAGE FOR COMPARI.'ON PURPOSES. II
ADDITION TO THE AMPLITUDE CHANGES OF THE LOCAL VIBRATION RESP(
CAUSED BY THE ADDITIO14 OF THE DISCRETE MASSES THE STUDIES ALS(
SHOW THE FREQUENCY SHIFTS, THE CHANGE OF MODAL BEHAVIOR AND T]
TRANSMISSIBILITY CHARACTERISTICS RESULTED FROM THE D\TCREASED
DISCRETF MASS OF TITE STRUCTURE. THE RESULTS SHOW THAT THE PR(
DURE CURRENTLY RECOMMENDED BY NASA/MSFC FOR PREDICTING THE
AMPLITUDE REDUCTION OF THE LOCAL `TBRATION RESPONSE OF UNLOAD]
STRUCTURE TO ACCOUNT FOR 7E INFLUENCE OF THE ADDITION OF THE
MASSES, PRO=S A FAIR APPROXIMATION IN THE FIRST VIBRATION 1
BUT IS OVERLY CONSERVATIVE FOR HIGHER MODES.
SPACE DIVISION OF NORTH AMERICAN ROCKWELL CORPORATION
ABSTRACT
Efficient methods for predicting the effects of attached masses on the
vibration characteristics of ring and shell structures were developed and
substantiated with experimental data. Analytically, the series expansion
technique was used in solving the mass-loaded shell problem, while both
the finite-element and transfer-matri\ methods were employed in the analy-
sis of mass-loaded ring structures. Experimentally, aluminum ring and
shell structures loaded with discrete masses were excited by a electrical
induction force, and the vibratory motion was measured by an automatically
revolving proximity gage. The influences of the masses of the exciter and
of the instrumentation, thus, were eliminated. Response data were obtained
with miniature accelerometers and with a proximity gage for comparison
1)urposes. The studies show, in addition to the amplitude changes of the
local vibration response causod by the addition of the discrete masses, the
frequency shifts, the change of modal behavior, and the transmissibility
characteristics resulting from the increased discrete mass on the structure.
The results show (1) that the response attenuation for the first mode was
somewhat similar to the procedure currently recommended by NASA/MSFC
for predicting the amplitude reduction of the local vibration responbc of
unloaded structure to account for the influence of the addition of the mass;
(2) that fcir higher modes, much more amplitude reductions were found, and
the rate o.' amplitude reduction progressed very rapidly; and (3) than the
transmissibility characteristics in a function of normal modes, indicated
some differences for beams, plates, honeycomb plates, rings, and shells.
1
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^.0. INTRODUCTION
Most aerospace equipment or co.:nponents are affected by the dynamic
behavior of the primary structures which generally consist of rings and
shells. During the earlier studies of this program, emphasis v.as placed on
investigations of the mass-loading effects on simple structures; i. e. , beams,
plates, and honeycomb plates. The present study, which is the third phase
of the program, is a combined theoretical and experimental. investikat.on of
the mass-loading effects on ring and shell structures. Earlier exploratory
studies by Lee (References I through 10) and the last two phases of this
program (References 1 1 and 12) provided the background for the present
investigation and formed the bases for the methods of approach.
Because of technical and financial considerations, the evolution of
ae_ospace programs leas been accompanied by great emphasis on the success
of individual components and or, the assembly of components and local struc-
tures. These components and local structures are subjected to crucial
environments of shock, vibration, and acoustics during ground operations
and in flight; nevertheless, insufficient design progress has been realized
'from related experience and practical applications in the areas of vibration,
environmental prediction, dynamic analysis, testing, and evaluation.
Dynamic problems increase and, simultaneously, become more
critical when local structures serve as supports for other components or
pieces of equipment. In such cases, the dynamicist is confronted with two
problems. One is the estimation of the effect of the equipment on the response
of the supporting structure in order to predict realistically the vibratory
environment experienced by the mounted component. The other is the calcu-
lation of the vibration response of the combined interacting system for the
design of local s-Lructures.
In performing dynamic analysis, scientists and engineers have relied
on experimental data. or assumptions of the quality factor, complex modulus
of elasticity, or damping factor in order to compute the vibration response
of a structure. With respect to mass-loaded structures, however, two
problems arise immediately: (1) the applicability of the experimental data
or assumptions for unloaded structures to rriass-loaded structures and
(2) information to support the new assumptions for mass-loaded structures.
In consideration of these two problems, one of the major objectives of this
program is to explore the relationship between the transmissibility character-
istics of the mass-loaded structures and those of the unloaded structures
undergoing forced vibration and free vibration.
SD 68 -29
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In the field of environmental dynamics, Mahaffey and Smith (Refer-
ence 14) published their study of the local vibration data of airplane flights
in 1960. Eldred, Robers, and White (Reference 15) presented a similar
investigation on aircraft and missiles in late 1961. In 1962, Franken
(Reference 16) reported the results of his study on the vibration environment
of Titan missiles. The data obtained from these studies have been widely
used throughout the aerospace industry to ;p redict dynamic environments for
missiles and space vehicles. The prirr ary concern during these studies,
however, was the statistical regression of the airplane or missile flight
vibration data at a given vehicle zone, and mass-loading effects specifically
due to the mounted equipment were lacking. Presently, Liiere is no unique
method available for predicting mass-loading effects on vibration environ-
ment; therefore, another objective of this program study is to investigate
these effects on environmental dynamics.
The first documentation of mass-loading effects on vibration environ-
ment appears to be Military Specification M.IL-E-5272, but the mass-loading
provision presented appears to have been determined rather arbitrarily.
These mass-loading effects criteria were endorsed and specified in the new
specification standards, MIL-STD-810, by an evaluation committee (Refer-
ence  17) of shock and vibration specialists consisting of Government and
industry dynamics experts selected by the USAF in late 1962. No informa-
tion could be found, however, regarding the author, the date of initiation, or
the technical basis used in establishing the arbitrary mass-loading criteria.
During 1963-68, Schock, Barrett, Jewel, Winter and Lifer (Refer-
ences 18 through 23) of NASA/MSFC, aware of the mass loading phenomenon,
introduced an empirical prediction technique that allowed some amplitude
reduction of the vibration environment due to the increase of weights. The
technique is a result of their statistical study of Saturn firing test data.
They also initiated and recommended theoretical and experimental research
studies to investigate the dynamic response phenomenon.
At the laboratory of the former Missiles Development Division of
North American Rockwell Corporation, mass-loading effects on vibrating
structures were observed by Lee in 1956. He later found these phenomena
repeatedly in his wort: in connection with twelve missile and space systems
at Douglas Aircraft Company. He initiated the analytical investigation of
the vibration characteristics of mass-loaded structures, emphasizing the
frequency shifts and modal isolation studies in research papers (References 1
and 6) in 1959 for the University of Southern California. In 1962, a pre-
liminary experimental and theoretical investigation of the mass-loading and
coupling problem was la-inched by Lee at the Space Division of North Ameri-
can Rockwell Corporation (References 3 and 4). A consistent trend of the
SD 68-29
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mass-loading effect on transmissibility characteristics then became apparent.
These basic concepts were followed with further development through the
first two phases of this program (References 1 I and 12). After Lee's initial
contact with NASA/MSFC in 1 963,
  a-id following a technic tl presentation,
this study program was first authorized in 1965 to correlate all of the afore-
mentioned efforts and to develop a technique for predicting the mass-loading
effects for beans, plates, and honeycomb plates. Subsequently, the investi-
gation was expanded to include rin;; and shell structures. The analytical
work of mass-loaded and unloaded shell structures was developed and
carried out by Lee in conjunction with his graduate research work. The
method of approach for analyzing mass-loaded and unloaded ring structures
employing the transfer matrix approach was initiated in 1964 and used in
this program (References 8 and 9); however, the ring problem was investi-
Y ated further to obtain higher node information by the finite-element
computer program developed by Dr. Guyan of North American Rockwell
Corporation.
The preliminary study results obtained by Lee and the subsequent
findings resulting from this research program on the investigation of mass-
loaded beams and plates show that the empirical technique developed by
Sc loock, Barrett, Jewel, Winter and Lifer of NASA/NISFC represents a fair
approximation for predicting amplitude attenuation in the first mode of the
forced response of unloaded structures Lo account for the effect of the
increase of masses; however, over conservatism is observed for higher
modes. The present study includes the investigation of free vibration as
well as forced vibration covering the phenomena of frequency shifts, modal
behaviors, and transmissibility characteristics of mass-loaded structures
a^ compared with those of the unloaded structures. The final objective of
this study phase is to determine whether or not mass-loaded ring and shell
structures will exhibit mass-loading phenomena that are identical with those
previously established for mass-loaded beams and plates.
- 3 -
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2.0. DYNAMIC ANALYSIS OF MASS—LOADED AND UNLOADED
,SINGS BY TRANSFER MATRIX METHOD
The free vibration problem of a mass-loaded ring can be conveniently
analyzed by the method of transfer matrix (References 8, 	 9,	 and 24).	 The
ring is treated as a lumped-mass ;ystem with masses joined together by
massless curved-beam elements as shown in Figures I and 2.
The nomenclature used in this section is as follows:
a = width of attached mass
A = cross-sectional area of ring
Ao = cross-sectional area of attached mass
b = length of attached mass
d = distance between mass center and X.-axis
E = Young's modulus of ring
E o = Young's modulus of attached mass
g = acceleration due to gravity
h = ring thickness
H = thickness of attached mass
i, j = row and column number in matrices
Ix = mass moment of inertia of ring element about
X-axis
Ix = mass moment of inertia of attached mass about0 X-axis
ix = area moment of inertia of ring element about
X-axis
- 5 -
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Jx - area moment of inertia of attached mass about0
X-axis
L = axial length of ring
M = mass of ring element
M = attached mass
M x , M z = bending moment about x and z axes,
	 respectively
n = station number -	 . ,	 2,	 3 9 	-	 - - r
N = tangential force in y direction
P = point matrix of lumped mass
r = total number of lumped masses or stations
R = radius of the central axis of ring
S = field matrix of elastic,	 curved-beam element
T = torsional moment about y-axis
U, v, w = ring displacements in x, 	 y,	 and z direction,
respectively
[U] = transfer matrix with elements uii
Vx , V z = shearing forces in x and z directions, 	 respectively
Z' column ma.tri.x of the state vector
_ I v -w - ^j 
-NIx -VI N I
0,y , 6 = angles of rotation about x,	 y,	 and z axes,
respectively
central angle between two stations in radians
Y = weight density of ring
W = natural circular frequency
- U -
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Figure 2. Lumped-Mass System of Ring
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During free vibration in the y-z plane, the state rector (displacements,
forces, and moments) at any station n can be expressed in terms of the state
vector at Station 1 as follows:
^L^n = [U] n {l' 1	 ( 1 -11
where
z n k -w	 -Mx - V z ti y n
column matrix of above 6 quantities at
Station n
[U] n = transfer matrix for Station n.
The transfer matrix [U] n is the product of two sets of matrices, the
point matrix Pr and the field matrix S n ,
 
arranged in the following manner:
[U] n	Pn Sn Fn- 1 Sn- 1 - - - 1-32 S2 PI	 (1-3)
The p.)int matrix Pn is a 6 x 6 matrix consisting of inertia terms and is
given as
l
Pn
1 0 0 J 0	 0
0 1 0 0 0	 0
0 0 1 0 0	 0
0 0- T w ` 1 0X
0 m w 0 0 1	 0
- m w 2 0 0 0 0	 0
(1-4)
n
- 8 -
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The el
terms and i;
S rl _
astic field matrix is also a 6 x 6 matrix consisting of stiffness
given as
i
cos	 -sin ^ -R(I - cos4j) - R `	 i(yJ- sink) S15 R 
F 1	 R 3 F^^
+e J
EA	 E i x
sit: w cos .d	 R sin
2
R	 (1 - cos4)E	 a
2
R F S
E
 A
+	
E JJ
S 26
0	 0	 1 J
2 (1 - cosy)
E
2
- J	 (^ - sin Y)E	 x J a x
(1-5)
0	 0	 0 1 R sin - R( I- cos	 )
0	 0	 0 0 cos W - sinqj
0	 0	 0 0 sin cosh
where
3 F
S
15
= S
	 =	
R	
w s in T-
26	 2	 77
S
'
F=
S
1- cos T- T sin Y
X
Fl = 
1
(Y cos T + sin	 ), F_ = 2(sin T - T cos T)
F 6 = 2('T + Y cos T - 3 sin Y) .
If any additional mass is attached to Station n,	 several quantities in
the matrices PI. and Sn should be modified to include the effects from the
attached mass as follows:
Unloaded Case Mass-Loaded Case
m m + M
Ix	 Ix + Ix0
EA	 EA+E0 A0
EJx
	EJx+E0JX
0
-9-
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The formulas for calculation of the quantities m, I X , IX , TX , and JX
 are0	 0
given in Appendix A.
The. continuity condition requires that the state vectors at Station 1
and Station (r+ 1) must be equal; i. e. ,
I Z I 1
	 1/-1 r+l	 (1-6)
but
fI. r+l = P1 S 1 Id  r	 (1-7)
and
kir - 'U]r Id 1	 (1-8)
where
TL r
	 Pr Sr Pr- 1 S r- 1 - - - P2 S2 P 1	 ( 1 -9)
Substituting Equation 1-8  into Equation 1 - 7,
l z ll-+i - P 1 S1 [ U ] r IZI,	 (1-1^)
let
rLT]r+1	 P 1 S 1 [U] i	 1 (1-11)
P  S1 Pr Sr P r-1 Sr-1 - P2 S 2 P1
therefore
17-1  r+1	 [U] r+l H 1
	
(1-12)
- 10 -
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u15	 u16
u ?S	 u.,6 -	 t
u35	 u36
Y
u45	 u46 - "X
u 55 1 	 u56 Vy
U 6	 C u66-1)
r^l
= 0 (1-16)
1
i	 11 -1 I u12 ul) u14
u., u,,,,-1 u,_
u2
u31 u32 \ u33 -1 ) u34
u41 u42 `^4 3 u44- 1
u 51	 uS'	 uS3	 u54
u61	 u0	 u63	 u64
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From Enuations (1-6) and (1 - 1 2),
^
I	 I
z II = [TJ]
r+1 it 1	 (1-13)
or
[Ulr+1	
[I]
	 Izi l = 0	 ( 1 - 14)
whe re
[I] = unit matrix of Order 6.
The frequency determinant is
det	 I [U] r+l -	 [I] I	 =	 0 (1 - 15)
By expansion of Equation 1- 1 5 a polynomial of order 3(r+l) in w 2 will
be obtained. The natural frequencies then can be solved. For each frequency
w there s a set of values (Z} 1 , the state vector at Station 1, which can be
found from Equation 1-14. The state vectors at other stations then can be
calculated by Equation 1-1. The mode shapes are v, w, and ^ , the first
three elements of the column matrix (Z) n . Of particular interest is the
radial motion w. The procedures for obtaining this radial mode shape are
as follows:
Let uij = elements of the transfer matrix [U] r+l of Equation 1 - 1 1.
Write Equation 1-14 in expanded form:
- 11 -
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A-isume that M x is known (e. g. , unity); then the other quantities of ^l. 1
1
can be solved. Rearranging Equation 1-16  and neglecting the 4th equation,
the following equation is obtained.
u .L 11 15 11 i5 	 1116 ^' 111.1
u111 u,,n,-1) 11 23 U 25	 1126 -	 ^^^ U11
U 31 UJ? \ u33 - 1 ) 11 .)5	 "-b rX uJ4
1
l
U 51 uS`' 11 55 1 11 55 -1 ) 11 56 1154
'161 1162 1163 1165 (U 6b - 	 / 1104J 1
In another form,
[C] ID^1 _ Mx fG
1
(1- 17)
(1-18)
where [C] is the square matrix in Equation 1-17  formed by the co-factor of
the element ( 144 - 1 ) of the square matrix in Equation 1- 16: ( D } 1 is the
c .iwnn rnatrix on the left side of Equation 1- 17; and {G} is the matrix on the
right side of Equation, 1 - 17. From Equation 1 - 1 7 or 1 - 1 8, the unknown
quantities in (D) 1 can be found in terms of Tvix
1 
as follows:
v 1 = l	 SIX ,	 ^^ =-
Qw 	 Q w M ,
IC^	 1	
1	 IC^	 X1	 1	 ^C^	 X1
V	 = - Q-
	
NIN = QN ,^t
`1	 I C
	 X,	 1	 icl	 X1
(1-19)
Where I C I = determinant of [C],
- 12 -
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Q = det
v
u14
u12
u 1 u15 `116
U, 
^ \ Ll "	 - 1 }	U23 u25 u26
U 54 u3' \ u33 - 1 /	 U35 U56
u J }
u52 153 ( u55 - 1 )	 U5o
u04
u62 u63 u65 ( U66 	 1 ) 1
^r = de t
Q,
W
 = det
` tell	 -	 1 ) 1114 ul3 u15 `116
U, l u,4 L1,3 L125 U^6
u31 u	 1 ` U.—	 - 1 /	 Ll>> u36
u 51 u5-1 U53 1 U 55 1 !	 `156
u61 U04 u63 u65 ^ U66
	
1
` ull	 - 1/	 u12 u14 u15 u16
u21 \ u22	 1 / tl, u^5 u'6L
L1J1
u32 L134 t135 1136
U 51 u52 U54 1U55	 - 1	
u
55
u61 u62 u64 u65 1 u66	 l
- 13 -
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Q
V^ 1 = - ^
ICI N1 1 
= 1,
(1-20)
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Q` = det
(U11	 1 U12 U13 U14 Ulf
U ^'1 (U2"'	 -	 1 j Ul3 U24 U2b
U.
J1
U3-1 U._
	 -	 1(	 33	 ) U_34 U-Jb
U 51 U52 US:, U54 U56
U61 U62 U63 U64 (u66 -	 1^
QN = det I
( U 11  U12 U13 U15 U14
U -	 11 u2 j 11,5 U,
U 31 U32 ^U33 U U34
U S1 U52 US3 ^USS	 1) U54
U61 bG U 3 Ub5 U64
For unit bending moment, the deflections and forces are simplified
to
QV
vi = ICI	 ``1	 - ICI
`'	
Q-	 Q'x
z 1	 I C I	 1	 ^C!
'4 -
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By knowing these quantities for Station 1, the state vector at any
station n then can be solved by Equation 1 - 1. The radial mode shape wn
will be determined from 'l.j n.i
A computer program based on this formulation has been provided for
evaluation of the natural frequencies and modes of the mass-loaded and
unloaded rings. Satisfactory solutions were obtained for the first three:
modes without difficulty; however, results for the higher modes became less
accurate bec use extremely large numbers « • c [-e involved in solving the
frequency polynomials of very high order. Co overcome this problem, a
method based on the finite -element/matrix- iteration technique was developed.
Details of this method are given in the following section.
SD 58-29
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iiE^ I^ ^^livG F/;G I.: LL,ti►N N'DT- fi.^t^?'11%
3.0. DYNAMIC ANALYSIS OF MASS-LOADED RINGS BY
FINITE-ELEMENT METHOD
Conventional engineering structures can be visualized as an assemblage
of structural elements interconnected at a discrete number of nodal points.
If the force-displacement relationships for the individual elements are known,
it is possible, by using the direct-stiffness method of structural analysis, to
derive the properties and study the behavior of the assembled structure
(References 25, 26 and 27).
After a suitable di3cretized mathematical model of the structural
system has been adopted, equations relating nodal forces and nodal displace-
ments for each type of structural element must be derived. These equations
take the matrix form
IF^-j 	 _- [k] 	1 11 1
where [Ic] is ki:-)wn as the element stiffness matrix. For the two-dimensional
Euler beam element ( Figure 3) the specific equations are as shown in
Figure 3.
Vl v 1
	
^ 1 ^	 _ 	 M2 8 2
I 4:^ :--
	
1	 A. 1 . : I, P	 2	 2M 1 . Al	
"'2'V2
Figure '). Beam Element
- 17 -
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! al
1E
° 0
AE
° n ul^
12EI 6EI 12 E I Ohl
V 1 ° °
^i 0 6EI lEI 0 6I AEI1 ^..
.e .^ t? " 1
A - AE U -h 0 U t:
O _	 12EI _ 6H 0 1_2EI _ OL.,
6EI 2EI 6EI JEI IICI, 0 0 _ 8
Dynamic response analysis requires a similar set of equations relating
nodal forces and nodal accelerations. These may be written
+ 1 .- I = [m I I it I
.here [m] is referred to as the element mass or inertia matrix. For the
beam, these equations become
0 0 6 0 0 ui
°
13 lit
°
9 _ 13Z
1 7 77
11.t 2
I 0
13Z
_ t E1
c 
to TY I^ 1
g
A, 6 0 0 6 0 0 u,
U
9
70-
13.E
U
13 ilk'
-	 f2 ^0 7-5
o
13t.
-
- 
e`
°
11.e
- ^?4-o 10 0^,
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{u} = [B] {u}
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The particular form of the mass matrix given here is referred to as a
consistent mass matrix, since its deri,ration is based on the same displace-
ment functions used for the stiffness matrix; therefore, there is no need for
arbitrary mass lumping.
Structural element stiffness and mass properties are usually derived
with respect to coordinate axes convenient to that element. Prior to
assembly of the structural equations, it is necessary to transform each
(k] and [m] so that forces, displacements, and accelerations are referred to
a common structural coordinate system. If the barred quantities pertain
to the common coordinate system the transformations (Figure 4) required
are
Figure 4. Coordinate Transformation
Mhe re
cos B sin 0 0 0 0
- sin B cos B 0 0 0 0
0 0 1 0 0 0
[B] 0 0 0 coss sin B 0
0 0 0 - sinp cos B 0
-	 0 0 0 0 0 1
- 19 -
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Substitution intc the force-displacement equations gives
	
[B] 1	 1 . 1	 [ k ] [B] l
Since [B] is an orthogonal matrix,
T1 I B] 1 [k] [131
The element stiffness matrix in s"ructural coordinates is then identified as
	
k ]	 [ B I T [ k ] [B]
Similarl y . the tra n sformed element mass matrix is
	
[ m ]	 [ B ] T [ m ] [B]
An overall structure stiffnes s and mass matrix may now be assembled
by superposing individual [k] and [m] in such a way that all matrix elements
associated with the same nodal degree of freedom are added. This proce-
dure, which is the essence of the direct stiffness method, is represented in
equation form by
I1
[k]
i=1
11
i=1
After forming the system free-free stiffness and mass matrices, all
boundary conditions to be imposed are accounted for. In the case of zero
constraint conditions, rows and columns of the system matrices corresponc-
ing to suppressed degrees of freedom are deleted.
There may also be degrees of freedom present in the system matrices
associated with inertia forces which may be neglected in comparison to
those that are more dominant. It is then preferable to remove these
freedoms from ?he problem before proceeding with the ;solution. One such
technique for eliminating excess unknowns from the system equations is
given in Reference 28.
- 20 -
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For modal analysis, the structura l
 equations of the vibration take the
form.
[k] I u,', I =w 2 [M] I u,l
where a uo sin wt.
For structures not gully supported, [k] will be singular; and it is
preferable to invert [M] to obtain e q uations in the standard eigenproblem
form,
[M] i [k] I UU I -W 2 1 uo
It is a matter of numerical efficiency that the coefficient matrix [NI] - 1 [k]
be symmetric. This may be accomplished if [M] - 1 is obtained by a Choieski
decomposition and new variables are adopted. Let
[M]_ [F] T [ F]
here [F] is an upper triangular matrix. Then,
T
Next, introduce the variables I cl I so that
I q l	 [F ] l,i,,l
Substitution and premultiplication by [F] reduces to the form
T
[ F]- 1	 [k] [F]- 1 q1 = [ D] j(11 
_w 21(11
in which the dynamic matrix [D] is symmetric. Solution of these equations
gives the natural frequencies of the structur,.. and the modes are obtained
by the inverse transformation
1
u0 1 _ [ F]	 jq!
The computed natural frequencies and mode shapes of the first five
moC.es for tho ring test model are given in Table 1 and Figures n through 8.
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IN I , '\i l = 0,82,	 f = 12.2 cps
Iii,/'^i 1 = 1.58,
	
-Psf = ;1.2 c K^/Ti1 = 5.52 , f = 1 "1.6 cps
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ITT
Iii,/ mI = 0 9	f = 15.6 cps
Figure 5. Computed Mode Shapes of Ring I, Mode 1, n = 2
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Fl-
Nil /?f I = 0 )	f = 44..' cps
	
M2/'^11=0.82, f=37.6cps
M,/M 1
 = 1.58,
	 £
-
= 36.6 cps
M2`4 1 =	 -).52, f = 55.9 cps
Figure 6. C omputed Mode Shapes of Ring I, Mode 2, n = 3
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tt ,/ai l = (^ ,	 f = S4.9 cps 1 = 0.82 ) f = 76.5 cps
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I	 ^	 I .- I
 
_T 4H
i
i
iAl i
	
-^	
—
, fi
I	 I	 I
I
t	 I	 I	 I	 '
I^
N.1 " /MI = 1.58 , f = 7/5.5  cps M /m = 74 . 52 , f = 74.7 cps
Figure 7. Computed Mode Shapes of Ring 1, M(,de 	 n = 4
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!
n^ 2 /ni l = 0 9 	f . 1.-)7..; cps
I
iI	 i	 Iwi
i	 I
I	 i	 i
I	 '
m,/'ail = ().82 9 f = 128.1 cps
' + ^/m I = 1.58 9 f = 127.0 cps
	 ?^^,/^Il =x.52, f = 126.4 cps
Figure 8. Computed Mode Shapes of Ring I, Mode 4, n = 5
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4 .0 DYNAMIC ANALYSIS OF MASS-LOADE-D
AND UNLOADED SHELL STRUCTURES
Dynamic analysis of shell structures niay be accomplished by a mathe-
matical treatment of the describing partial differential equations of motion,
wili^h in very simple cases only, lend themselves to a closed-form exact
solution. There are some physical simplification approaches, such as
grid-work and finite-elen , ent, suggesting a replacement of the shell stru:ture
by a set of simplified structural elements on which matrix iteration tech-
niques can be applied. These structural simplification approaches would
result in approximate solutions and may require large computer operations
for matrix iteration.
In the present study, a shell structure is treated as a continuous
sy steal whose motions are described by a set of partial differential equations.
Among the inane methods fuel •
 solving this type of problem, the finite-
difference and Galerkin techniques can be used to obtain an approximate
solution, whi l e the series expansion technique can be eniployed to find an
exact solution and is to be emphasized in this study. An exact and closed-
form solution car be obtained only if the assumed series for the displacement
functions are sufficie.ltly accurate to satisfy the boundary conditions and the
equations of motion. V rious sets of differential equations representing
shell structures have been developed by different authors with discrepancies
in certain minor terms; some of these are compared in Table 2. The
series expansion technique may be applied efficiently to these approaches,
as well as to those of Donnell, Flugge, Vlasov, and others, for solving the
vibration problems of thin, isotropic shell structures. However, it will
be a laborious effort in analyzing mass—loaded shell structures and may
introduce problems in computer programming. Through the energy approach,
the equations of r-notion can be established in a simple form and solved
conveniently b}' the seriet- expansion technique using simple computer pro-
gramrning and requiring only little computer time.
:Nomenclature used in this section is given in the following list, :*,hirh
includes a diagram (Figure 9) of the mass-loaded shell.
Arnn' Bmn' Cnlrl	 = Fourier coefficients of displacements u, v, and w
D	 _E n 2 h 
r1 1. 82
_'7 -
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D B
F -,T	 h 3 rn
2 1 , 84
F = Young's modulus 
Ix ,	 Ie = centroidal mass moments of inertia of nl
a
L = length of shell
% 1 = largest value for integer
	 m
MS = mass of shell
N = largest value for integer
	 n
T = kinetic energy
V = strain energy
x o = length of the mass
	
rna
a = mean radius of shell
e = eccentric distance between raid-surface of shell
to mass ma
h. = skin thickness of shell
h o = thickness of the mass	 ma
m = number of half-waves along longitudinal axis
n = number of circumferential waves along radial
direction
m a = attached rTiass
t = tirr P
U, v, w = displacements of a pcint on the mid-surface of the
shell in the direction of x, 6	 and z ,
X,	 6 , z = longit«dinal,	 circumferential and radial coordinates
- 28 -
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_ m_r,
°m	 L
a	 =
i --
1	 I,
1
W2
0 0	width of mass ma
V	 = Poisson's ratio
P	 = mass density
W	 - frequency of vibration in cps
Subscripts
i, j	 = positive integers
s	 = refer to shell
= differentiation with respect to time
A'., z
h	 _	 Lq	 a
a
xa
_L
Figure 9. Mass-?.oaded Snell
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The flexural vibration of isotropic thin cylindrical shells has been
studied analytically and experimentally by Arnold and Warburton (Ref-
erences 29 and 30). A_ similar problem was studied by Weigarten (Refer-
ence 31) with the results compared to those obtained by Arnold and
Warburton. Employing a different approach, the study presented in this
,section investigates the vibration characteristics of mass-loaded shells as
well as isotropic thin shells.
BASIC ASSUMPTIONS
1. The structure is a homogeneous, isotropic, thin shell mounted
w:.th a mass.
G. Hooke's Law applies in the stress-strain relationship.
3. The rotatory inertia is considered for the mass, but is negligible
for the shell.
4. Transverse shear deformation is neglected.
5. The rigidity of the mass has negligible effect on that of the shell.
EQUATION OF MOTION
The partial differential equations describing the motion of the mass-
loaded shell may be derived in terizzs of kinetic energy and strain energy
using Lagrange's approach:
d	 I'	 dT + W 
= 0
- - ^ a: 1
iTU1
d	 aT	 aT	 + a^' _ 0	 (4-1)Bn$	 —
ran
d	 aT	 ^ 1 + W -_ 0
dt 3C a^mn Mn
nul
KINETIC ENERGY
The kinetic energy of the mass-loaded shell, including the effect of
the rotatory inertia of the mass, can be written as
- 31 -
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L	 .,/I 2	 c
r	 hao	 ( au) + ( av ` 2 + ( aW I	 dx de
2g	 7tat	 at
fo c^
n	 L
"p f o 	 2 (
+ }10 G	 ( aW 12
 +	 U - e a2
79— at 1	 at	 3x-at
 f 0
	(^ (4-2)
+'v -e av +a2`ti	 dx de
it	 aat	 a^ t	 0	 0
e
a a
+ I	 aW __	 + 1 x av + a `w
a^ axat 
)xaea	
a at	 aeat x 
aea
STRAIN ENERGY
The strain energy of the mass-loaded shell with negligible rigidity
i:itroduced by the added mass can be described by the following partial
differential equation:
TT	 LI
a de	 J
7
r	 1 au av _ `y au _ 1 1 au + av	
a dx de
	 )4- 3
a,^x ae	 `x^ 4^a a© ax
1	 :
2
- _1
	
2- 1' a`W + W
X4 ( 1 -v ` )	 u o ax`	 ae a Xe7
2(1 -v) a 2w av +	 a 4w	 _ ,(1-v) av +	
aa2j^ 	dx 13
— 	
9xax a e
	 1
a`	 x` ae	 ax a8	 a,
- 32
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DISPLACEi\1ENT FUNCTIONS
The displacement functions of the mass-loaded shell structure are
assumed to be represented with sufficient accuracy by the following
Fourier series:
A. Symmetrical Case
u(e,x,t)
^1
_ F E; i cos am x cos n9 e-iwt
m= 1 n=0
IN 
Bran sin am x sin ne e ic^t
111= 1 Ii= U
w(e,x,t) _ 2: C,,.1 sin am x ces ne e-iwt
m= 1 n=0
(4-4)
B. Antisyinmetrical Cace
u(e,x,t)
m=
1 n=0 mn cos am x sin ne e-iwt
I	 N
v(e,x,t)
111 =1 I1=1
Bmn sin am x cos ne e-iwt (4-3)
\1
iv(e,x,t)	 F L
m= 1 n=.1
SOLUTIONS
Cm1, sin am x sin ne e-iwt
A set of linear algebraic equations can be obtained from the equations
of motion by substitution of the kinetic energy Equation 4-2, the strain
energy Equation 4-3, and the displacement functions Equations 4-4 and 4-5
into Equation 4- 1 :
- 0.3 DA Cmr. + 0.6S D.1 Bran - Dam a + 0.35 n]-^ ^mn
a Ci`
m
F	 ^1
r+	 0. S INtS m + ma cos am xa cis 
i=1 J=0
+	 co 	 =' e a i C 11	 .-^i ^) os	 x cos	 0i a	 ^-
J
- 13 -
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n	 n2
a
a
0. b S llB
 n 
q 
rut - DA a a + 0.35 am	
a
+ DB — 3 + 1.4 a Bmnm	 ^
m
+	
n	
n+ 
n	 l:	 +w2 0.SM BDA am a + 1)B 1.7 am a	 _____^	 TIMS mn
m
e	 nTa '1 -
	 )sin am xa sin -T-	
- 
C..
a
i = 1 j=0
	
+ 1 - a)B i ^] sin a i xa S1I1	 + -7 I sin a x sin
	
.^	 x	 m a
a`
v C. + B. i ^sin ai xa sin	 = U
i=1 j=0
D 1.7a n+	 n ^	 +D	 n	 B	
-O.3ll AA a a mn
	 A mn
	
am a	 m
2
a	 n	 L	 ^D13
	 m y + 7 + 
D
A m^ a ^mii + `^
	 0. S CIS Cmn
^I	 N
+ ma sin am xa 
cos - E E L i . sin a i xa cos -J
i=1	 j=U
^I
— 
e arrl cos am xa cos T
	
qi j	 i- e a C i J. I cos i X 
i=1 j=0
	
x cos
	 + a e n sin am xa sin	 (a j C1V
- -)4 -
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+	 B.	 -	
e	
B..) sin a.x	 sin i- a	 cos a	 x
11	 a	 i^ i	 s	 _ _	 m	 m	 a
X cos rl, ai C ij	 cos a i xa cos-
i= 1 =U
`, I
+ -^ 1	 - n sin a 
m 
xLt sin	 (Bi j 	 C ij )
;t-
i - 1 - O
sin a i xa sin	 0^; = 
Matrix iteration methods now can be applied, and computer programs
can be conveniently written for solving the natural frequencies and modes.
The 5 acobian subroutine used in this stud y resulted in solution of 33
natural frequencies. Although only a few terms (M = N = 3) were used,
and extremely- short computer time was consumed, the analytical results
appear to be surprisingly accurate in comparison with the experimental
data and results obtained by Arnold and Warburton (References 29 and 30)
and by 11, eigarten (Reference 3i). Part of the analytical results are
presented in Table 3 and will *-e compared in a later section with the
experimental data for the lower frequencies, which are generally most
important in engineering applications. Unfortunately, the experiment
could not provide more corresponding; frequencies for comparisons because
of the limitation of the structural response characteristics of a thin shell
to a point excitation at the circumference.
The solutions presented are for the symnietric case. Similar
frequency equations and solutions with only a few different terms and sign
changes can be found for the antisymmetric case resulting froth the substi-
tution of the correspoildi.ng displacement function, Equation 4-5.
Through a similar procedure, the solution for forced vibration response
can be directly obtained by solving the equations of motion, which include
- 35 -
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the forcing function terns. Adding the generalized forces QX , Qe , and Q 
to Equation 4-1, the equations of motion for forced vibration are
d	 a T	 a T	 + a V
	
Tt 	 a -Qx
mn
d	 a T	 + a 1
	
Tt	
R	
- a-Qe
mrL
	
da T	 _ a T	 a V
.Cnul	 mn
ITUl
Table 3. ;,omputed Natural Frequencies (CPS) of Shell
Cast.
N umbe r
1'
Nlodc N	 ,
U
0
1
0.16 0.32
3
0.60
4
0.82
S
1.40
c^
1.90
1 75.8 75.7 75.6 75.2 75.0 74.7 -3.7
2 121.3 117.9 114.1 105.7 102.7 94.6 83.7
3 221.2 220.6 '19.8 217.7 216.9 214.7 209.5
4 322.6 321.5 320.4 318.5 317.2 255.7
5 416.0 411.6 407.4 399.3 1	 388.0 324.2 309.-
6 446.1 445.5 444.7 426.0. 401.7 385.1 369.8
7 798.7 664.5 56 41.5 442.7 442.1 440.3 436.5
8 939.4 933.1 927.3 917.3 917.3 893.7 I	 874.8
9 1355.4 1344.4 1332.2 1306.6 1291.4 1232.7 973.3
10 1560.6 1556.0 1551.8 1544.7 1526.1 1281.9 1209
11 -2521.8 2521.8 2234.2 1648.3 1540.0 1529.7 1518.'
12 2591.5 2584.2 2521.7 2521.6 2521.6 2521.4 2376.1
13 3240.3 2675.4 2579.1 2567.1 2557.9 2528.8 2521.2
14 3243.8 3239.5 3238.8 3089.6 2992.5 2760.1 2549. -
15 3675.3 3545.0 3401.9 3237.4 3236.4 3233.3 3229.6
16 3844.5 3807.5 3776.9 3722.8 3689.3 3614.3 3519._)
17 3944.5 .)941,0 3937.9 3932.' 3928.] 3915.1 3900.8
- 36 -
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For systems including dar:iping, the strain energy is described in
terms of complex Modulus of Elasticity (E) instead of the Young's modulus
of elasticity (E) which is all that is required for undarriped structures.
Since the free-vibration characteristics have been solved, the laborious
computations given herein may be substituted with simple textbook methods
for solving forced vibrations of simple systems. The empirical information
provided in later sections may be used for estimating the transmissibility
characteristics of mass-loaded ring and shell structures.
- 37 -
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5.0 EXPERIMENTAL INVESTIGATION
DESIGN AND FABRICATION
Two test specimens were designed and fabricated for tl-e experimental
investigation: ( 1) an aluminum ring of 18 -in. OD, 0. 050-in, thickness, and
3 -in, length and (2) an aluminum cylindrical shell of 18-inch OD, 0. 050-inch
thickness, and 72-inch length with a 1/4-inch-thick flange welded to the upper
end and a 1/2-inch-thick flange welded to the lower end. This is one of the
three shell models previously fabricated for the Axial Transmissibility
Contract, NAS8- 18124.
Thirteen aluminum or steel blocks of various sizes also were fabri-
cated; their properties are given in Table 4. By mounting one or more of
these solid blocks on the ring or shell, the mass-loaded test speciments
were obtained.
TEST SET-UP AND INSTRUMENTATION
Ring Test Set-up
11-le vibration test set-up is shown in Figure 10. The rin<, specimen
was suspended by five nylon strings on test fixture on load from the
California Institute of Technology. An electroinduction shaker, built for the
mass-loaded beam vibration test in the Phase I program of the contract, was
installed beside the ring to produce a constant force excitation. Acs optical
micrometer, which was set up to observe the gap between the ring and the
shaker. A constant gap of 0. 057 inch was maintained during all test runs.	 J
The attached mass, cemented on the outer surface of the ring, also
was suspended on the fixture by strings to prevent twisting of the ring.
1 he vibration responses were measured by a proximity gage and
16 miniature accelerometers. 'The proximity gage, a Pnotocon Model PT-3,
was mounted on the test fixture. The probe of the gage was kept close to the
inner surface of the ring with a gap of aLout 0. 125 inch. A small d-c motor
was used to drive the proximity gage ar oan r' the ring so that the radial dis-
placement response could be measured and plotted continuously against the
circumferential distance of the ring. Each of the accelerometers, except
the one at the mass location, was attached to a light« eir:,t fiberglass blo^_k,
which in turn, was cemented on the outer surface of the ring. At the mass
location, the accelerometer was mounted directly on the ring and under the
mass.
- 39 -
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Table 4. Properties c.f Attached Masses
Length of	 W eight of
ass
^.	 't1atc:rial
Thickness	 Weight
(Inches)	 (Crams)	 I
1/4-Inch Bolt I	 4 Bolts
(Inches)	 (Crams)
K	 Aluni. 1/4 o4. 5 - -
J	 Alum.I
3/8 94 -- --
b	 I	 Alum.
1
112 12 7 - - - -
b	 Alum.
`"	 I, 	
112
I
12 7 - - - -
1-1 1	j	 Steel i1/4	 i 181 1/2 19
C 1	Steel 3/8 280	 ^ 3/4 25
*?	 Steel 3/8 283 3/4 25I
F I	Steel 1/2 I	 365 3/4 25
E 2	i	 Steel 5/8 480 1 29
C 1	 Steel 1 740 I	 1-1/2 40. 5
B	 Steel2 1-1	 4/ 890 1-1/2 I	 40.5^
A^	 Steel 1-1/2 1110 2 63
A 2	Steel	 1-112 	 1110
:Vote: All masses are rectangular blocks 2 incises xvide and 3 i,-,ches
long.
- 40 -
SD 68-29
^r
/'	 --.tea	 y ..
Tr
,t.ya
ap a
SPACE DIVISION of NORM AMERICAN ROCKWELL CORPORATION
VAT
¢. N^ A'
...	 : .. ,,M^yv,	 ,..wwrs^+a: ^+iYr' wIA^^4s^w^w+rrii•.......^ ._^ ^^.
i
x
WT
^LFA	 r
qw
Figure 10. Vibration Test Set-up for Ring
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Shell Test Set-up
The general arrangement of the vibration test of the shell is shown
in Figure I!. The shell was placed upright on a rigid floor with its lower
flange fastened by bolts. The electroinduction shaker -\t ,as set up at a Level
F, 54 inches above the lower end. The proximity gage set-up used in the
ring test was suspended above the cylinder with the gage extended downward
inside the shell to survey the mode shape as shown in Figure 12. The accel-
eration responses were measured by 20 miniature accelerometers of which
16 were equally spaced around the circumference at Level F and the rest
placed at Column 2 as shown in Figure 13.
Other test equip:r:ents used in both ring and shell test included the
following:
1. Driving amplifier
2. Band spread oscillator
3. Electronic counter
4. Dual beam oscilloscope
^. Voltmeter
6. 100-channel switch box
7. Visicorder
8. X-Y plotter
Some of the equipments listed are shown in Figures 14 and 15.
TEST OPERATION OF UNLOADED AND MASS-LOADED RINGS
Two sets of vibration tests were performed for the m ss-loaded and
unloaded rings. One set of tests was for the cases with only one acceler-
ometer on the ring (the on#,
 at the mass location). In these cases, the ring
was called Ring I. The other set of tests was for the cases with 16 acceler-
ometers equally spaced on the ring circumference; the ring was called
Ring II. All test runs are listed in Table 5. Test started from the unloaded
ring, then went on to the mass-loaded cases. Both of the masses b l and K
have concave contours on one side to match the outer surface of the ring.
They were cemented to the ring at Location 2, o pposite the shaker. The
other solid masses were bolted to ma ss b 1 at various combinations to give
different mass ratios.
- -12 -
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Figure 13. Accelerometers Sec-up for Vibration Test of Mass-Loaded Shell
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Table 5. Vibration Test Runs for Unloaded and Mass-Loaded Rings
(1)
Run
dumber
'via s s
Number
Weight of
Mass
(Grams)
Weight of
4 Bolts
(Grams)
Total Weight	 Mass (2)
M2	 Ratio
(Grams)	 M2/M1
0,	 0-1 0 0 0 0 0
1.	 1 K 64.5 0 64.5 0. 16
1,	 1-1 b1 127 0 127 1	 0.32
1. 2,	 1.2-1 b 1 + J 221 19 240 0.60
2	 2- 1 b 1 + H 1 308 19 327 0. 82
-1 )	4-1 b1 + G 1 407 25 432 1. 08
7)	 5- 1 b, + 14	 + G 2 591 40. 5	 I 631. 5 1. 58
7,	 7-1 b 1 + E 2 + F 1 972 40. 5 1012. 5 2. 54
8,	 8-1 b 1 + C 1 + E 2 1347 63 1410
i
3. 52
:NOTES:	 (1) The Run Numbers from 0 to 8 are for the cases with only
one accelerometer on the ring.
	
Those numbers followed by
-I are for the cases with 16 accelerometers on the ring.
(2)	 M 1 = 400 gm. = weight of the unloaded ring.
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The test operation was as follows:
1. Unloaded Ring
a. Performed a resonance survey using a sinusoidal sweep
one minute per octave f.,)m 5 to 3800 cps. Maintained a con-
stant voltage of 6 volts input to the shaker for all test runs.
Repeated the sweep from 5 to 760 cps.
b. Obtained \-Y plots for the accelerometer output at the mass
location during the above sweeps to determine the natural
frequencies and maximum responses.
C.	 At the first five natural frequencies obtained the following
data:
( 1) Mode shape plots from the proximity gage.
(2) Oscillograph records for all accelerometer responses.
(3) Meter readings for all accelerometer outputs.
2. Mass-Loaded Ring
a. Mounted the solici mass (or masses) on the ring according to
Table 5.
b. Performed sinusoidal test as in Steps A- 1 to A-3.
TEST OPERATION OF UNLOADED AND MASS-LOADED SHELLS
Three sets of vibration tests using the electroinduction shaker were
performed for the mass-loaded and unloaded shells. The first set of tests
was for the cases with only one accelerometer on the shell at the mass
location F2 (Figure 13). The shell was called Shell I in these cases. The
second set of tests was for the cases with 20 accelerometers on the shell,
of .%,hich 16 were equally spaced on the shell circumference at level F and
4 were placed in the same column, No. 2, as the mass but at different
levels, C, D, E and G, as shown in Figure 13. In these cases, the test
specimen was called Shell II. The third set of tests was for the cases with
15 accelerometers attached to the shell in a single column, No. 2, and
equally spaced at 15 levels, plus 5 accelerometers at 5 levels in Column 14,
90 degrees apart from Column 2. In these cases the test model was called
Shell 3. All test runs are listed in Table 6. The method of mounting the
various masses on the shell was the same as described previously for the
mass-loaded ring except that the mass b 2 was cemented on the inner surface
of the shell at the mass location to reduce rocking motion of the heavy masses
attached outside the cylinder. In Table 6, the test run numbers are al,,:o
identified by mass ratios ivl2/Ml. The quantity Ml is defined as the mass of
the unloaded shell section whose length is the same as the attached mass,
3 inches in the present cas-, s. This shell section under the att=ached muss is
- 49 -
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then i.lentical to the ring test model. Therefore, M l is taken to he 400 gm
or U. 883 lb.
The test operations for the unloaded and mass-loaded Shells I and II
were the same as those for the ring tests. On Shell III the radial acceler-
ometers were placed in two columns to measure lateral bending modes. Only
oscillographs and meter readings were taken during each resonance. No
X-Y plots were made.
j
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6.0 COMPARISON OF ANALYTICAL AND EXPERIMENTAL RESULTS
For ver' fication of the results, the experimental data obtained from
various tests in the program are compared with the analytical solutions. Two
groups of data are presented: (1) natural frequencies and modes of free
vibration, and (2) acceleration response or transmissibility in forced
vibration.
Notations used in the tables and diagrams of this section are the
following:
f = natural frequency in cps
G = maximum acceleration response in g's measured at the dis-
crete mass mounting location
M = mass
m = numb, of axial half-waves in shell
n = number of circumferential waves in ring or shell
Subscripts:
1 = unloaded ring or shell
2 = mass-loaded ring or shell
MASS-LOADED AND UNLOADED RINGS
Vibration test data of the mass-loaded and unlo;-ded rings are presented
in Tables 7 and 8. Listed in these tables are the natural frequencies and
acceleration responses (at the mass location) for the first five modes of the
ring. Frequency ratios f2/fl and acceleration ratios (G2/Gl) are also given.
For Ring I, there is one unloaded case (MZ/Ml = 0) and 8 mass-loaded cases
with mass ratio M2/Ml ranging from 0. 16 to 3. 52. For Ring II, there are
seven mass-loaded cases with M2/Ml ranging from 0. 32 to 3. 52 in addition
to one unloaded case.
A comparison of the natural frequencies of Ring I between the analytical
and experimental results are presented in Tables 9 and 10. Plots of the first
five natural frequencies versus mass ratios are shown in Figures 16 and 17.
Comparisons of the frequency ratios are given in Figures 18 through 23.
-53-
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Table 7. Vibration Test Data of Ring I With One Accelerometer on Ring
Run No. 0 1. 1 1.2 2 5 7 8
M 2/ill 0
16.6
0.16
15.8
0.32
15.0
0.6o
13.95
0.82
13.62
1.08
13.21
1.58 2.54 3.52
Freq.
12.63 12.1 11.9(cps)
c fc,/fl 1.0 0.951 0.902 0.840 0.821 0.796 0.761 0.729 0.717
Accel. 6.5 4.6 3.54 2.2 2.0 1.6 1.28 0.94 0.76(g,$)
x'2/G1 1.0 0.708 0.545 0.348 0.308 0.246 0.197 0.145 0.117
Freq.
46.7 45.2 43.8 42.3 41.6 40.5 40.0 39.4 39.7(cps)
f2/f-, 1.0 0.967 0.937 0.905 0.890 0.866 0.855 0.841 0.848 
[Accel. 14.5 10.6 6.0 4.65 3.9 2.84 2.2 1.48 0.95
G2/G 1 1.0 0.321 0.269 0.196
83.5
0.152
82.9
0.102 0.0660.73 0.414
Freq. 89.6 88.3 86.2 84.4 84.1 82.0 82.1(cps)
f2 /fl 1.0 0.985
i
0.962 0.941 0.939 0.931 0.925 0.915 0.915
Accel. 23.5 12.5 7.9 5.2 4.1 2.97 1.3 1.42 1.15
I (^77(g,$)
G 2/G 1 0.336 0.174 0.126 0. )77 0.060 0.0491.0 0.531 0.221
Freq.
(Cps)
145.0 144.3 143.2 142.0 140.4 139.0 138.0 138.2 138.5
^
f2 /f l 1.0 0.995 0.988 0.979 0.968 0.959 0.952 0.953 0.955
31.0 8.5 1.00Accel. 6.7 4.5 3.8 2.75 1.82 1.32
Q,$)
G 2 /G 1 1.0 0.274 0.216 0.145 0.123 0.089 0.059 0.043 0.032
Freq. 213.2 211.1 210.8 208.3 208.0 208.8213.0 212.0 208.9(cps)
_ 0.996f2 /f1 1.0 1.0 1.0 0.989 0.980 0.977 0.976 0.980
41.3 13.8 8.0Accel. 5.2 4.2 3.1 2.62 1.25 1.00
G 2 /G 1 1.0 0.194 0.126 0.102 0.075 0.063 0.030 0.0240.334
- 54 -
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Table 8. Vibration Test Data of Ring II With 16 Accelerometers on Ring
Run No. 0-1 1-1 1.2-1 2-1 4-1	 5-1 7-1 8-1
1 2 /:`i l 0 0.32 0.60 0, 82 1.08
	
1.58 2.54 3.52
Freq
15.0 13.70( 12.'!t5 12.4u 12.10 11. D0 11.0 10.6(cps)ca
f2 /f1 1.0 0.916 0.851 0.830 0.806 0.766 0.733 0.706
Accel 4.2 2, bo 1.92 1.35 0.93 0.70 0.51 0.39
z (gas)
G 2 /G 1 1.0 0.630 0.457 0.322 0. 22 2 0.167 0.121 0.093
Fre4 42.2 39.4 37.7 37.2 36.6 36.1 35.4 35.1
k cps) Ico
c f2 /f 1 1.0 0.933 0.894 0.881 0.867 0.855 0.839 0.831
u Accel 6.1 3.3 2.8 2.3 2.0 1.5 0.99 0.76( g .$)
G 2 /G l 1.0 0.541 0.459 0.377 0.328 0.216 0.162 0.125
Freq 80.7 77.4 75.5 74,8 74.3 73.6 73. 1 72.8(cps)
u
f2/fl 1.0 0.960 0.935 0.926 0.920 0.913 0.906 0.901
Accel
8.3 3.0 2.05 1.8 1.45 0.94 0.75 0.48(g,$)
G 2 /G l 1.0 0.362 0.247 0.217 0.175 0.113 0.090 0.058
Freq
130.9 127.7 125.1 124.3 123.8 123.4 122.5 122.5(cps)
f2 /fl 1.0 0.975 0.955 0.950 0.945 0.943 0.935 0.935
cj Accel 5.2 2.45 1.57 1.0 0.77 0.53 0.37 0.27(gas)
G 2 /G 1 1.0 0.471 0.302 0.192 0.148 0.102 0.071 0.052
Freq 190.9 188.3 186.7 186.6 186.2 185.5 185.0 184.5(cps)
n
f,/f l 1.0 0.987 0.978 0.977 0.976
.
0.971 0.969 0.966
Accel 7.4 2.08 1.52 1.03 0.81 0.65 0.46 0.33
z (g's)
G 2 1G l 1.0 1	 0.281 1	 0.207 0.139 0.109 0.088 0.062 1	 0.044
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By observing these frequency data, the following conclusions can be
made:
1. The analytical prediction of natural frequencies agrees well with
the experimental results. However, the computer values are
ge--erally someNvIlat lover (under 10 percent) than the test data.
2. The frequency attenuation, one of the important phenomena of
mass-loading effects, is clearly seen in the frequency ratio plots,
Figures 18 through 23. The analytical values are very close to
the experimental data for all modes.
3. For the cases with a mass ratio, M 2 /M l , larger than 2, the
frequency shifts due to increasing mass loading become less
significant. This is especially true for the higher modes.
4. The mass loading effect on frequencies from the additional 15
miniature accelerometers can be seen also in Figures 16 and 17.
The No. 1 ring with 16 accelerometers has lower frequencies
than the No. 2 ring, which has only one accelerometer. The
trends of frequency attenuation for both rings are nearly identical.
Mass-loading effects on vibration transmissibility of rings are shown
by the X-Y plots in Figure 24. These plots are the acceleration responses
at the mass location. It is seen that the response amplitudes are rapidly
decreased and many higher modes disappear as the attached M2 increases.
This effect constitutes another important phenomenon of mass loading effects.
The acceleration ratio data given in Tables 7 and 8 are plotted in
Figures 25 through 29 for Ring I, and in Figures 30 through 34 for Ring II.
The response attenuation phenomenon due to increasing mass loading is
obviously seen throughout these figures.
	 J
Radial vibration mode shapes of the mass-loaded and unloaded rings
were obtained from the proximity gage output. A typical mode shape plot
is shown in Figure 35. The numbers 1 to 16 are station numbers around
the circumference of Ring I. At Station 2, where the mass (M2 = 0. 95 lb) is
attached, it can be visualized that the relative displacement gradually
decreases as the frequency increases, then finally reduces to a nodal point.
This fact gives another proof that higher modes disappear because of mass
I oading.
More comparisons of the radial acceleration response are illustrated
in Figures 36 through 40 for Ring II, in which the nodal points were deter-
mined from the proximity gage plots and the amplitudes were obtained from
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Figure 37. Mass-Loading Effect on Radial Acceleration Response of
Ring II, Mode 2, n = 3
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- 82 -
SD 68-29
M2/M3 
_ 0'	 f = 190.9 cps
NYm, _ 0.82,	 f = 186.6 cps
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
M21'11 -1.S8,	 18S.5 cps
	
M /M, = 3.52 9	f = 184.S cps
Figure 40. Mass-Loading Effect on Radial Acceleration Response of
Ring II, Mode 5, n = 6
- 83 -
SD 68-29
SPACE DIVISION OF NORTI-I AMERICAN ROCKWEI.I. CORPORATION
meter readings of the 16 accelerometer outputs. These illustrations show
once more the mass-loading phenomenon of response attenuation. It is
also noted that these response curves follow the analytical mode shapes
presented previously in Figures 5 through 8.
MASS-LOADED AND UNLOADED SHELLS
Vibration  test data of the mass-loaded and unloaded shells are
presented in Tables 11 through 14. For shell I with only one accelerometer,
there are nine mass-loaded cases with mass ratio M 2 /Ml ranging from 0. 16
to 4.9 in addition to one unloaded case. For shell II with 20 accelerometers,
there are eight mass loaded cases with M2/M2 ranging front 0. 32 to 4.9 in
addition to one unloaded case.
The mass-loading effect on radial acceleration response at the mass
location of Shell I can be seen from two typical X-Y plots in Figure 41,
where the upper curve is for the unloaded case while the lov:er one is for
the heaviest mass-loaded case. The frequency shift and response attenuation
between the two cases are apparent. On these X-Y plots, there are numerous
resonance frequencies. For the purposes of systematic analysis and com-
parison, the frequencies are so chosen that they are for the corresponding
mode. For example, in Tables 11 and 13, Mode 1 has been chosen to have
m = 1 and n = 3. For the other modes, however, the values of m or n are
not identical throughout all cases because the effect of mass loading causes
a change in modal response, which had been observed through careful survey
during the tests.
A comparison of the analytical and experimental frequencies of Shell I
is given in Table 12, which indicates the very close agreement between the
two sets of frequencies. In this table, three lower frequencies for each
case are presented, since these are the most important ones and the few
modes correspond to each other in the analytical and experimental results.	 J!
Due to the local excitation on thin shells in the experiments, a large number
of radial modes (n = 2 to 7) were obtained with only a few lateral bending
modes corresponding to the analytical results. The data presented in
Table 15 are also shown in Figure 42 for better comparison.
The data of frequency ratios, f 2 /f 1, are plotted in Fig l zres 43 through
48, and those of acceleration response ratio, G2/Gl, in Figures 49 through
58.
- 84 -
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By observing these data, similar conclusions, as for the mass-loaded
ring, can be made as follovrs:
1. The analytical prediction of natural frequencies of mass-loaded
and unloaded shells closely agrees with the experimental data.
2. The frequency shifts due to mass-loading effects are significant
only in the lo,,ve r modes, such as Modes 1 and 2, in Figures 43, 44
and 48. For the higher modes the changes are within 5 percent
difference from the unloaded case.
3. The addition of 19 miniature accelerometers on the shell has
lov;, ered the natural frequencies for all modes. This effect can
be seen by comparing the test data between Shell. I and Shell II
given in Tables 11 through 14.
4. The response- attenuation phenomenon is observed in all modes as
the mass ratio increases. For mass ratios M 2 /M l larger than
5, the reduction in response is nearly constant except for
Mode 1. For higher Modes 4 and 5, these responses are so low
(within 10 percent of the unloaded case) as to be negligible.
I
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Table I ; . Comparison of Natural Frequencies of Shell I
Mode
Case Test Freq.
Number Run No. M2/Ml (cps) 1 2 3
0 0-2 0 Comp. 15.8 121.3 221.2
Test 87. 5 128.6 233.9
1 la-2 0. 16 Comp. 75. 7 117. ? 220. 6
Test 87. 1 128.0 ?32.2
2 1-2 0.32 Comp. 75.6 114. 1 219.8
Test 86.4 127.0 230.7
3 2-2 0.60 Comp. 75.2 105. 7 217. 7
Test 84.2 124.5 228.5
4 3-2 0.82 Comp. 75. 0 102. 7 216. 9
Test 82. 6 123. 1 228. 1
5 4-2 1.40 Comp. 74.7 94.6 214.7
Test 76.5 119.6 226.7
6 5-2 1.90 Comp. 73.7 83.7 209.5
Test 71.5 118.0 226. 1
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Figure 42. Comparison of Natural Frequencies of Shell I
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Figure 43. Mass-Loading Effect on Natural Frequencies of
Shell I, Mode 1
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Figure 44. Mass-Loading Effect on Natural Frequencies of
Shell I, Mode 2
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Figure 45. Mass-Loading Effect on Natural Frequencies of
Shell I, Modc 3
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Figure 46. Mass-Loading Effect on Natural Frequencies of
Shell 1, Mode 4
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Figure 49. Mass-Loading Effect on !acceleration Response of
Shell I, Mode 1
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Figure 50. Mass-Loading Effect on Acceleration Response of
Shell I, Mode 2
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Figure 52. Mass-Loading Effect on Acceleration Response
of Shell I, Mode 4
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Figure 53. Mass-Loading Effect on Acceleration Response
of Shell I, Mode 5
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Figure 54. Mass-Loading -Effect on Acceleration
Response of Shell 11, Mode 1
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7.0 CONCLUSIONS
The analytical and experimenta l studies of the mass-loading effects
on vibration of rings and shells can be summarized as follows:
1. Efficient methods have been developed for analyzing vibration of
mass-loaded ring and shell structures.
2. Ana'.ytical results closely agreed with test data.
3. Frequency-shifts for mass-loaded rings and shells differed
somewhat from those previously obtained in the Phases I and II
of this program for the cases of bums and plates. Because of
the motion of the mass interacted with the two- or three-
dimensional motions of the support structures, the effect of
mass loading on rings and shells caused a decrease in natural
frequencies; however, for the higher modes, the frequency
shifts became less significant as the attached mass increases.
This information was presented in this report in the form of
equations, tables, plots, and nondimensional graphs for
,various applications.
4. Transmissibilities and attenuations followed a trend similar to
that of beam, and plates, but possessed special characteristics.
The results followed the equation y = A + L11 which was previously
established in Phases I and II of this program
 . The coefficients
A, B, and n can be determined from the transmissibility plots in
	 r
conjunction with firing test data and some consideration for design
safety.
5. Mass loading also caused changes in mode shapes and disappearance
of some modes at the rriass mounting location: however, these phe-
nomena of rings and shells deviated from that of beams and plates
and were demonstrated by test data and computer solutions in this
report.
6. The free vibration characteristics of mass-loaded shells can be
solved analytically by the Fourier series-expansion technique,
- 109 -
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which gives closed-form and nearly exact solution. This method
required the use of four summations of the m n i j terms instead
of only two summations of m n terms to describe the interacted
motion.
7. Transfer matrix methods were efficient in calculating the lower
frequencies of ring structures, while the finite-element method
was good for both louver and higher frequencies. The transfer
matrix method, however, offered a simple direct solution which
provided a step-by-step insight into the solution and was helpful
in the study of response characteristics.
8. The developed experimental and instrumentation techniques
perinitted continuous plotting of mode shapes and produced
meaningful data for immediate evaluation during the test.
9. Sufficient data had been obtained for srnaller mass ratios to better
define the mass-leading ph.^nornena.
As a general conclusion to the study, the trend of rnass-loading effects
on vibration of ring and shell structures has been established and the pre-
diction methods have been developed; however, some refined studies and
investigations for applications a 	 needed and recommended as follows:
1. Refine the closed-form exact-solution technique for shell vibration
analysis.
2. Further define the analysis of maGc- l oading effects on modal
characteristics of shell structure€.
3. Investigate the finite-element technique for obtaining an approxi-
mate solution for shell vibration.
4. Apply results to solve bracketry problems, definition of support
structures, design of local structures, and test and evaluation
of components.
D. Further refine the experimental technique.
6. Simplify the analytical solution, and reduce the mathernatical
complexity for further development in the definition of the basic
mass-loading mechanism.
7. Extend the developed method to solve vibration problems of com-
plicated shell structures loaded with bulkheads, propellants, ring
frames, longerons, and a variety of discrete masses.
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APPS NDIX
PROPERTIES OF THE RING ELEMENT AND ATTACHED MASS
MASS OF' RINC; E LEMEN'I' (FIGURE A-1)
m R T A Y9
A RThL -9
h	 XY ^
Z
Figure A-1. Geometry of Ring Element
MASS MOMENT OF INT ERTIA OF RING ELEMENT'
I x =	 I (y2 + z2)dinv
= g I- 
(
y2 + z 2)dx dy dz
v
^Y12g	 1 h2+S 2 ^g
h + R2 ^2/
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AREA MOMENT OF INERTIA OF RING ELEMENT
J	
L
X = 17 }i
MASS MOMENT OF INERTIA OF ATTACHED MASS
Figure A-2. Geometry of Attached Mass
Ix 0 = I M d2
where
	 I = mass moment of inertia of M about x o xo , an
axis through c. g. and parallel to x-axis.
(Figure A-2)
d = distance between c. g. and x-axis.
For a rectangular solid mass of size a x b x H,
d= 
Z 
(H+h)
Hence, IX	 \ii"+d2^+4^H+h^2
0
_ =
	
H2 + 
a2) + 3 (H + h) 2
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AREA MOMENT OF INERTIA OF ATTACHED MASS
J	 J + A d2
x	 o0
where
	 J = area moment of inertia about x o xo Figure
For a rectangular solid mass,
A =bH	 d= (H+h)	 J =bH30
	' 	 ^ 2
then
J = bH' +bH(H+h2x -T^	 (0
=bH L H2+3(H+h)2 J12
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